
Waves


The goal of science to use models and observations is to explain the workings of the real world.  Mathematics is one language that is useful in describing aspects of physical reality.  With a working mathematical model one can simulate many real world situations.  One such situation is that of the study of waves.  Computationally we can model this phenomenon of science through the use of the wave equations.  In order to fully understand everything about waves we will first define a wave and discuss the characteristics of a generic wave.  Then we will create a mathematical model of a wave and solve it computationally.


A wave is defined as a disturbance which travels through a medium, transporting energy from one location to another location without transporting matter.
   In other words, a wave is something that transports energy without transporting matter.  A classic example of waves it that of the beach.  In order to have a wave you must have two things: a medium for it to pass through and a disturbance to start the wave.  In this case our medium is the water and the disturbance is the wind.  The energy of the wind gets transported through the water matter and as a result the ocean waves come crashing down on the shore.  


Later in this document we analyze the wave of a generic string and demonstrate a computational model  that represents this phenomenon.  In order to discuss this model we must first learn some definitions that characterize waves.  Lets say that an elastic string is tied between two poles. If there is no disturbance on the string then it is in its natural position or at rest.  This is what you call its equilibrium state.   When the string is pulled on (disturbed) you can look at and describe many different states that occur in the medium.  One characteristic of all waves is that they oscillate.  An oscillation is a full cycle that starts and finishes at the same place.   In other words, the initial force hits the first particle and that particle hits the second particle which push back on the first particle with the same force putting the first particle back in its original position.  So, from when the first particle first gets hit until it returns to its initial state is called one oscillation.  The frequency of a wave is the number of oscillations something makes in a certain unit of time.  The period is the time it takes the wave to do one oscillation.  The amplitude is the absolute value of the maximum displacement from the equilibrium state during one period of an oscillation.
  


Now lets look at the three different types of motions that waves have.  They are transverse waves, longitudinal waves, surface waves.   A transverse wave is a wave that moves perpendicular to the particle movement.  Consequently, if the wave of say a string is moving form left to right then in a transverse wave the particles are moving up and down.  A longitudinal wave is a wave the moves parallel to the particle movement.  A surface wave is a wave in which particles do not move up and down or left to right but, they move in a circular motion.  


Another way to categorize waves is by the ability to transmit energy through a vacuum.  Either they can transmit energy through a vacuum in which case they are called electromagnetic waves or they can not in which case they are referred to as mechanical waves.    A good example of an electromagnetic wave is the light waves we receive from the sun.  The sun gives off  waves by the vibration of electrons within the atoms of the sun’s surface.  These waves then travel through the vacuum of outer space.
  Other examples of electromagnetic waves are x-rays, microwaves, TV, and radio waves.  Some examples of mechanical waves are water waves, sound waves, hand waves, and stadium waves.  

We will be looking at a specific mechanical wave in this document.  We will model a wave of a string using a second order differential equation.  Even more specifically will look at the waves cause by a vibrating guitar or piano string.  It is assumed that the tension of the string is sufficiently great so that we can ignore the effects of gravity and air friction.  We also assume that the string moves in a plane in which unless disturbed rest in its equilibrium position.  
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Now the vertical displacement of the string from the equilibrium line is denoted  by U(x , t) which will depend on both the position x and time t.  Now under these conditions and assuming that the height of the vibrations is small, then U(x , t) will satisfy the one-dimensional wave equation:

P*Utt=T*Uxx               where 0<x<L,  t>0


Note: T=the tension of the string and p=the linear density of string(mass of string per unit length)

The future diplacement of u(x ,t) is* ________ the bounded conditions


U(0 , t)=0    for x=0 and 0( t < ∞   U(L ,t)=0
for x=L and 0( t < ∞

By setting these to zero we assume the string is fixed at both ends.  Finally if we are given

the initial position and velocity functions:

(IP function)=> U(x ,0)=f(x) for t=0 and 0( x ( L  

(1st derive velocity function) =>Ut(x ,0)=g(x) for t=0 and 0< x <L
 We will be able to solve U for a given position x and a given time t.

In our exploration of wave we will first need to find a solution to our

equations using separation of variables.  Then we will use finite difference formulas to approximate the solution.
Let U(x,t)=X(x)*T(t)    Ut(x,t)=X(x)*T´(t)   *Utt(x,t)=X(x)*((2T/(t2)

Get the second partial of x the same way and then => Uxx(x,t)=T* (2X









     (x2




Now let T/p= (^2 where T and p are the same as described above.

Then substitute this into the wave equation:

X(x)*(2T = (2T *(2X*T(t) 

      (t2                      (x2




(1)

     1___    *(2T = 1 *   (2X
 T(t)*(^2    (t2       X(x)     (x2
Now the left hand side and the right hand side depend on T and X respectively.  Thus, the

equations are separated. But in order for equation 1 to hold for 0< x <L and t>0 it is necessary 

that both sides be equal to a constant.

Thus:

(2)

   T” = X” =-k  

  α*T     x

where k is any constant called the separation constant.

-------->.

So, from equation (2) we have

X” + k*X=0          and

T” + k*α^2*T=0

Now if we solve these two ODE, we can multiply their solutions together, obtaining a standing wave solution U(x,t)=X(x)*T(t).

Case 1:   Consider k < 0

Assume X(x) = e^(p*x)


 T(t) = e^(g*t)

So 


X’(x) = p*e^(p*x) ------> X”(x) =p^2* e^(p*x)

  ------------>  
p^2* e^(p*x) + k*e^(p*x) = 0 ------------>  e^(p*x)*(p^2 +k) = 0

-------------> p = ±sqrt(-k)


Thus X(x)= A*e^( sqrt(-k)*x) + B* e^-( sqrt(-k)*x)

Also 

T’(t) = g* e^(g*t)  ------->  T”(t) = g^2* e^(g*t)

So  (g^2 + k* α^2)*e^(g*t)=0
--------->  g = ±sqrt(-k)* α
So T(t) = C*e^( sqrt(-k)* α*t) + D* e^-( sqrt(-k)* α*t) 
Case 2:  Consider k=0


X”=0 ----------> X’=q -------> X= q*x+p


T”=0 ----------> T’=n -------> T= n*t+m


X(x)= q*x+p


T(t)= n*t+m

Case 3:  Consider k > 0

Similar to case 1 assume X and T are of the form:

X(x) = e^(p*x)

T(t) = e^(g*t)
X”(x)= p^2*e^(p*x)

T”(t) = g^2*e^(g*t)

So,

p^2*e^(p*x) + k*e^(p*x) = 0

g^2*e^(g*t) + α^2*k*e^(g*t) = 0

So solving for p first

e^(p*x)*(p^2 + k) = 0

p= ±i*sqrt(k)

So X(x) = Ao*e^( i*sqrt(k)*x) + Bo* e^(-i*sqrt(k)*x)

By Euler’s formula

X(x) = Ao*(cos(sqrt(k)*x) + i*sin(sqrt(k)*x)) + Bo*(cos(sqrt(k)*x) – i*sin(sqrt(k)*x))

Now let A = Ao + Bo and B = i*( Ao - Bo)

So X(x) = A*cos(sqrt(k)*x) +B*sin(sqrt(k)*x)

Similar if we solve for g we get 

T(t) = C*cos(sqrt(k)* α*t) + D*sin(sqrt(k)* α*t)

Now these are the solutions of the wave equation of all wavelengths.  Now we leave it up to the boundary conditions to pick out those wavelengths that conform to our situation.


We know



U(0 ,t) = X(0)*T(t)=0 and



U(L ,t) = X(L)*T(t)=0

But in order for our Boundary condition to be satisfied for all t (0 we must have

X(0)=0 and X(L)=0

If we use this in our X(x) we see the following

Case 1   k<0


X(0)=X(L)=0

----->   X(0)=A+B=0

------>  X(L)= A* e^( sqrt(-k)*L) + B* e^-( sqrt(-k)*L) = 0
(         1                              1         ( (A (  =  0  (the zero vector)

(e^( sqrt(-k)*L)   e^-( sqrt(-k)*L)( (B (
-------------------->  A=0 and B=0 

Since the columns are linear independent 

Thus X(x)(0 --->   u(x ,t)(0

Case 2   K=0

X(0)= A(0) +B = 0 -----> B=0

X(L) = A*L+B=0  ---------->  A*L=0  ------>  A=0

Thus  u(x ,t)(0

Case 3   K>0

X(0)= A*cos(sqrt(k)*0) + B*sin(sqrt(k)*0) = 0 --------> A=0
X(L) = A* cos(sqrt(k)*L) + B*sin(sqrt(k)*L) = 0
------>  B*sin(sqrt(k)*L) = 0
------> sqrt(k)*L = n*pi
------> sqrt(k) = n*pi/L
------> k = (n*pi/L)^2

Thus k must be chosen as one of the specific values of 

kn=(n*pi/L)^2     n ( (
In order to satisfy the boundary conditions.  These values of kn are called eigenvalues of

The problem, and the corresponding solution:

Xn(x) = sin((pi*n*x)/L)    are called eigenfunctions of the problem.
  

We will now change notation to get the fundamental solutions

Un(x ,t)= Xn(x)*Tn(t)


= sin(sqrt(k)*x)*( an*cos(sqrt(k)*t*() + bn*sin(sqrt(k)*t*()(

= sin((pi*n*x)/L)*( an*cos((pi*n*t*()/L) + bn*sin((pi*n*t*()/L)(
Where an and bn are arbitrary constants.

Now we note that the sum of solutions is also a solution to the wave equation

So,  U(x , t) =( sin((pi*n*x)/L)*( an*cos((pi*n*t*()/L) + bn*sin((pi*n*t*()/L)(
As the sum goes from 0 to infinity

But when n=0  U(x , t)=0 ( x,t

So,

The sum only goes from 1 to infinity

Now we will use our initial conditions 

U(x ,0)=f(x) and Ut(x ,0)=g(x)   To find an and bn

U(x , 0) =( sin((pi*n*x)/L)*( an*cos(0) + bn*sin(0)(
(3)
U(x , 0) =( sin((pi*n*x)/L)*an = f(x)


Ut(x , 0) =( sin((pi*n*x)/L) *( an*((pi*n*()/L)-sin(0) + bn((pi*n*()/L)*cos(0)(
(4)
Ut(x , 0)=( sin((pi*n*x)/L)*( (bn*pi*n*()/L) = g(x)
now in (3) and (4) we see that 

f(x) = ( an*sin((pi*n*x)/L)  is the Fourier sine series

So,  an = 2/L * ( f(x)*sin((pi*n*x)/L) dx  where we integrate from 0 to L   n=1,2,3,……..

Also let cn = (bn*pi*n*()/L
So  g(x) = ( cn*sin((pi*n*x)/L)  is the fourier sine seris

So,


cn = 2/L * ( g(x)*sin((pi*n*x)/L) dx    n=1,2,3,………

So,


bn = (2/(pi*n*()) * ( g(x)*sin((pi*n*x)/L) dx      as we integrate from 0 to L





















Q.E.D

Deviation using Difference equations

The solution in the previous section is a good one, but calculating an infinite sum does not seem like a very good way to solve the wave equation.  So, we will use difference equations.

The first step is to partition a rectangle R

Where R= ((x ,t) ( 0 ( x ( L  , 0 ( t ( b (
Into n-1 by m-1 rectangle with sides (x=h and (t=k.  Now our computational molecule will look like:
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If we use the central difference formula we also start, at the bottom row, where t=t1=0 and the solution is known to be U(xi , t1)=f(xi).  We will use a central difference equation method to approximate:

(uij  : i=1,2,…n( j=2,3,….m Where the true solution value at the grid points is u(xi , tj)

The central Difference approximations for Utt and Uxx are

Utt(x ,t) = U(x ,t+k) –2* U(x ,t) + U(x ,t-k)     +     O(k^2)




K^2

Uxx(x ,t) = U(x+h ,t) –2* U(x ,t) + U(x-h ,t)     +     O(h^2)




h^2

Where O(k^2) and O(h^2) is the error in the approximation.

So, if we drop the error terms and substitute into the next equation we get

ui,j+1 – 2*ui,j + ui,j-1 = (^2*ui+1,j – 2*ui,j + ui-1,j

k^2

         h^2

let r =*(k
           h

------------>

ui,j+1 – 2*ui,j + ui,j-1 = r^2*(ui+1,j – 2*ui,j + ui-1,j)

Now we know j and j-1 So we can solve for j+1

(5)
ui,j+1 = (2-2*r^2)* ui,j + r^2*( ui+1,j + ui-1,j) - ui,j-1 
for i = 2,3,…………,n-1

Now caution must be taken when using formula (5).  If the error made at one stage of the calculations is eventually damped out, then the method is stable.  To guarantee stability, it is necessary that :


r =(*k   (  1

                    h








 

Now two starting rows of values corresponding to j=1 and j=2 must be supplied in order to use (5) to compute the third row.  Since the second row is not usually given, the boundary function g(x) is used to help produce stating approximation in the second row.  Fix x=xi at the boundary and apply Taylor’s formula of order 1 for expanding U(x ,t) about (xi ,0).

The value u(xi ,k) satisfies:


U(xi ,k) = U(xi , 0) + Ut(xi , 0)*k+O(k^2)

Then use U(xi , 0) = f(xi )=fi and Ut(xi , 0) = g(xi ) = gi    to get the formula

Ui,2=fi + k*gi   for i=2,3,………,n-1

Now in order to reduce truncation error it is crucial to use a very small step size for k.

Sometimes the boundary function f(x) has a second derivative f((x) over the interval.  In this case we have Uxx(x,0)= f”(x) 

So,

Utt (xi , 0) =(^2*Uxx(xi,0)= (^2* f((xi) = (^2*(fi+1 – 2*fi + fi-1)      + O(h^2)







   h^2

(6)  but  u(x,k) = u(x,0) + ut(x,0)*k +utt(x,0)*k^2   +O(h^3)





  2



















which is the second order taylor expansion.  Thus if we evaluate (6) at xi we see 

u(xi,k) = fi + k*gi + (^2*k^2 * (fi+1 – 2*fi + fi-1) + O(h^2)*O(k^2)+O(k^3) 

                                 2*h^2

Using     r =(*k    and neglecting error terms we see 

                     h

ui,2  = (1-r^2)*fi + k*gi + r^2  * (fi+1 + fi-1)   for i=2,3,…….,n-1

                                        2


 The main point of this project is to show how differential wave equations can be solved numerically.  The complexity of solving differential equations also increases vastly with the introduction of non-linear terms.   With non-linear terms there may not be an analytical solution to a problem so a numerical method must be explored.  In our demonstration we show how a linear differential wave equation can be solved numerically.  This type of model can be modified to simulate many different conditions and has great flexibility.   An example of a non-linear wave equation model is that of the Sine-Gordon equations.   This model defined by the equations:

Utt –Uxx  +sin(U(x,t))=0

The Sine-Gordon equation originates from the Klein-Gordon equation in relativistic field theories.  Like the Kline-Gordon equation the Sine-Gordon equation has many applications in physics.  This model provides a simplified model for unified field theory found in the theory of dislocations in metals, certain biological processes like DNA dynamics and in the theory of Josephson junctions
.  Although this particular equation can be solved analytically we can easily approximate this equation using the same difference method as the linear model we demonstrated earlier.  

Using the difference methods from earlier we derive the following equations:

Let let r =   k
                  h

ui,1= f(xi)

ui,2= f(xi)(1-r^2) + kg(xi) + r^2/2(f(xi+1)+ f(xi-1)) - sin f(xi)

ui,j+1 = (2-2*r^2)* ui,j + r^2*( ui+1,j + ui-1,j) - ui,j-1 – k^2sin(ui,j)

for i = 2,3,…………,n-1

This system can be substituted in the finite method from before and we have a second model that is this time representative of a non-linear example.   

Now when the boundary conditions and initial conditions are:

f(x)= y=sin(2*pi*x)+sin(pi*x);      and

g(x)=0

U(0,t)=0=U(L,t)                (where L is the length of string)

In this example we see a solition like phenomenon occurring.  The term "solition" was introduced in the 1960's, but the scientific research of solitons had started in the 19th century when John Scott-Russell observed a large solitary wave in a canal near Edinburgh. In the days of Scott Russell, there was much debate concerning the very existence of this kind of solitary waves. 9
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Solitons are very stable solitary waves in a solution of those equations.  Solitons are solitary waves that behave like "particles". When they are located mutually far apart, each of them is approximately a traveling wave with constant shape and velocity. As the two  waves get closer, they gradually deform and finally merge into a single wave packet; this wave packet, however, soon splits into two solitary waves with the same shape and velocity before "collision".  The stability of solitons stems from the delicate balance of "nonlinearity" and "dispersion" in the model equations, in our case the Sine-Gordon equation. Nonlinearity drives a solitary wave to concentrate further; dispersion is the effect to spread such a localized wave.10  If one of these two competing effects is lost, solitons become unstable and, eventually, cease to exist. In this respect, solitons are completely different from "linear waves" .  Our example may not fully look like a solition but this may be because we fix the end points.  Now in order to guarantee stability we must choose small values for r=k/h.
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